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We study the spin-1 model in a triangular lattice in presence of a uniaxial anisotropy field using
a Cluster Mean-Field approach (CMF). The interplay between antiferromagnetic exchange, lattice
geometry and anisotropy forces Gutzwiller mean-field approaches to fail in a certain region of the
phase diagram. There, the CMF yields two supersolid (SS) phases compatible with those present
in the spin-1/2 XXZ model onto which the spin-1 system maps. Between these two SS phases, the
three-sublattice order is broken and the results of the CMF depend heavily on the geometry and
size of the cluster. We discuss the possible presence of a spin liquid in this region.
PACS numbers: 75.10.Kt,73.43.Nq,67.85d
I. INTRODUCTION
The quest for realistic magnetic quantum models that
support topological and spin liquid ground states is at the
frontier of current research in condensed matter and in
quantum information science. These exotic states of mat-
ter do not display local order (i.e. do not break any local
symmetry), but possess long-range entanglement encod-
ing a global structure that cannot be detected by any lo-
cal measurement. This absence of local order makes them
robust against local perturbations, and thus, promising
candidates for technological applications [1].
The triangular lattice is the archetype for classical geo-
metric frustration. This phenomenon is believed to play
a crucial role in the stabilization of certain spin liquid
quantum phases, such as the resonating valence bond
states proposed by Anderson [2]. Such states are not
only interesting because of exhibiting this exotic global
order, but also they are expected to be related, when
doped, to non-conventional superconductivity.
Here we analyze the spin-1 bilinear-biquadratic model
in the triangular lattice with uniaxial field. Our study is
at least two-fold motivated. On the one hand, the compe-
tition between dipolar and quadrupolar ordering involves
a much richer physics than spin-1/2 systems, and leads
to an effective spin-1/2 frustrated model for large values
of the anisotropy field. On the other hand, recent experi-
mental results on some complex crystals where this model
might be present show an anomalous behavior which
could be related to a spin liquid state [3]. Moreover,
quantum systems other than real crystals could simulate
this model [4]. For instance, ultracold atoms trapped in
a triangular optical lattice [5].
In contrast to the S = 1/2 model in a triangular lat-
tice, which has been thoroughly investigated [6–8, 10],
conclusive results for the S = 1 in this geometry are
scarce, since powerful numerical techniques (e.g. DMRG,
QMC) cannot be easily applied here. First attempts to
describe the full phase diagram of the model have been
based on a mean-field (Gutzwiller) approach, which ex-
plicitly assumes a three-sublattice ordering [11]. While
this approach properly sketches locally ordered phases, it
cannot describe more complex states as those dominated
by inter-site quantum correlations like spin liquids or su-
persolid phases. In the absence of the anisotropy field,
exact diagonalization (ED) (of up to 27 sites) shows that
three-sublattice order is always present, ruling out the
existence of a spin liquid [12]. However, for a finite value
of the anisotropy field, controversial results regarding the
presence of spin liquid phases have appeared using vari-
ational MC [14] and mean-field analysis in the triplon
fermionic spin representation [15–17].
Motivated by these controversial results we investigate
this model using a Cluster Mean-Field (CMF) approach.
Within this approach, the spins in the lattice are grouped
into small clusters which are exactly diagonalized, while
each cluster is mean-field coupled to the other ones (see
Fig. 1(a)) [18–21]. This ansatz clearly constitutes a step
forward as compared to the Gutzwiller mean-field ap-
proach since it exactly treats quantum correlations be-
tween all sites belonging to the same cluster. Undoubt-
edly, it also goes beyond the results obtained from the
ED of an isolated plaquette of the same size.
Before proceeding further with the details of our study,
we briefly outline here our major findings: (i) the CMF
provides corrections to the boundaries of the quantum
phases obtained with the Gutzwiller approach, (ii) in
stark contrast to the Gutzwiller approach, the CMF
yields two distinct supersolid (SS) phases that for a large
easy-axis uniaxial field map onto the supersolid phases
present in the spin-1/2 XXZ model and (iii) between the
two SS phases we find a region where our results strongly
depend on the cluster geometry and size, as well as on
the chosen initial cluster configuration. Moreover, as we
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2will discuss in detail later, the presence of these instabil-
ities is crucially linked to the underneath order imposed
with the CMF approach. Such instabilities, on the other
hand, could be compatible with the presence of a spin
liquid, very much in the spirit of the instabilities shown
by generalized spin wave theory in anisotropic triangu-
lar lattices in spin-1/2 systems [23]. Our CMF approach
bounds quite precisely this region as compared to previ-
ous results [16].
The paper is organized as follows. In Sec. II we in-
troduce the model under study together with the CMF
method, emphasizing its strength as compared to other
approaches. In Sec. III we discuss the results of the spin-
1 Heisenberg model, first reviewing the isotropic model
(III.A) and finally in presence of the single-ion anisotropy
(III.B). In Sec. IV we present our conclusions and open
questions.
II. THE MODEL AND THE CLUSTER
MEAN-FIELD METHOD
The most general (n.n. interaction) rotationally invari-
ant Hamiltonian for spin-1 particles reads:
HBB(θ) = cos θ
∑
〈i,j〉
Si · Sj + sin θ
∑
〈i,j〉
(Si · Sj)2 (1)
where S = (Sx, Sy, Sz) are the usual spin S = 1 operators
and 〈i, j〉 runs over all possible pairs of first neighboring
sites of the triangular lattice. The presence of a uniaxial
field breaks the SU(2) symmetry
H(θ,D) = HBB(θ) +D
∑
i
(Szi )
2. (2)
In the thermodynamic limit the system can display
both, dipolar and/or quadrupolar magnetic order,
associated to the expectation values of 〈S〉 and 〈Q〉 =
〈(S2x − S2y , (2S2z − S2x − S2y)/
√
3, {Sx, Sy}, {Sy, Sz}, {Sz, Sx})〉.
Note that (Si · Sj)2 = (Qi ·Qj − Si · Sj)/2 + 4/3 and
thus, the quadrupolar vector appears as a meaningful
order parameter. The quadrupolar order is directly
related to the anisotropy of spin fluctuations, which can
be characterized by the director dˆ, that defines the plane
onto which the spin maximally fluctuates [12].
The CMF method: In the CMF method the lattice is
divided into clusters of sites which are exactly diagonal-
ized and coupled via a mean-field approach. The effective
Hamiltonian acting on a cluster c is then given by:
Heffc = Hc +
∑
c′
Hmfcc′ (|ψc′〉) (3)
where Hc is the (exact) Hamiltonian of cluster c and H
mf
cc′
is the effective field acting on cluster c due to cluster c′:
Hmfcc′ =
1
2
∑
〈i,j〉
i∈c,j∈c′
[(2 cos θ − sin θ)〈Sj〉 · Si + sin θ〈Qj〉 ·Qi]
(4)
Here the expectation values are evaluated over the self-
consistent ground state |ψc′〉. We proceed as follows:
starting with a random initial state for each cluster we
iteratively solve (3) until convergence is achieved. We use
clusters of different geometries and sizes (∼ 3-10 sites).
There is not a unique way of implementing CMF. Note
that with this method, three-sublattice order (expected
to naturally arise in an isotropic triangular lattice if
the state is locally ordered) is not imposed on the final
state. However, by considering different clusters in our
ansatz, we give enough freedom to recover such ordering
if present. For example, for a 6-sites cluster, a single con-
figuration for all the plaquettes is sufficient, while for the
7-sites cluster we must use 3 different initial plaquettes to
ensure that three-sublattice order can be recovered (see
Fig. 1(a)). In this respect, our approach differs from
the one used in [19, 20], where a sublattice background
order is first imposed. After choosing the sublattice or-
der, the external field to which the cluster is coupled is
calculated by averaging over all sites that belong to the
same sublattice. In addition, one has to average over all
the non-equivalent ways of embedding a given cluster ge-
ometry in the sublattice structure (e.g. over the three
cluster configurations sketched in Fig. 1(a)). The results
obtained with this second approach will be denoted by
CMFav.
A major effect of coupling the plaquettes with the
others (which might act as an environment) is that cer-
tain symmetries (e.g. rotational invariance) are sponta-
neously broken, similarly to what happens in the thermo-
dynamic limit. As a consequence, the CMF allows for a
direct evaluation of the local order parameters 〈S〉 or 〈Q〉,
in sharp contrast to the ED of a single cluster. For the
latter, one evaluates instead the dipolar and quadrupo-
lar structure factors which take into account spin-spin
and quadrupolar-quadrupolar correlations respectively,
as done in [12] for the D = 0 case. These are usually
defined as:
SS(k) =
∑
j
eik(rj−r0)〈S0 · Sj〉 (5)
SQ(k) =
∑
j
eik(rj−r0)〈Q0 ·Qj〉 (6)
where rj runs over all sites of the cluster and r0 is the
central site. These functions reveal the order of a phase
by showing a maximum at certain value of the momen-
tum k. For example, for Ferro- (Antiferro-) magnetic
order this maximum corresponds to the Γ (K) point of
the Brillouin zone, as illustrated in Fig. 1(b).
3FIG. 1: (Color online). (a) The CMF method works by cou-
pling via mean-field distinct clusters that are exactly diago-
nalized. Thick lines: quantum bonds within a cluster; dashed
lines: mean-field bonds between clusters. Colors indicate the
3-sublattice order. For a 7 sites cluster the three configura-
tions are not equivalent. (b) Dipolar structure factor (SS(k))
as a function of reciprocal lattice vector k = (kx, ky) for θ = 0
(FM phase), θ = −0.6pi (FQ phase) and θ = −0.08 (AFM
phase), calculated by ED for a 9 sites cluster. The Γ and K
points in the first Brillouin zone are indicated.
With the CMF method, a possible way to quantify
quantum correlations in our system is through the renor-
malized linear entropy of a single spin with respect to the
rest of the cluster, defined as:
SiL =
3
2
(
1− Tr [ρ2i ]) = 1− 34 (〈Si〉2 + 〈Qi〉2) (7)
being ρi the reduced density matrix of a single spin at
site i after tracing out the rest of the cluster. The average
of this quantity over all cluster sites and configurations
will be denoted by SL. As it will be shown later, this
parameter properly signals the phase transitions.
On the other hand, the Gutzwiller ansatz for the
triangular lattice is constructed by three independent
fields (|ψA〉, |ψB〉 and |ψC〉) at each of the sublattices
λ. Within this approach, and because any quantum cor-
relation between sites is neglected, the local parameters
always fulfill 〈S〉2 + 〈Q〉2 = 4/3 (SL = 0), and there-
fore, phases are always locally ordered in one way or an-
other. This ansatz fails to describe phases without three-
sublattice order and/or dominated by quantum correla-
tions.
III. RESULTS
A. ISOTROPIC MODEL (D = 0)
To test the performance of our CMF approach we
start by revisiting the SU(2) symmetric Hamiltonian
(1), whose ground state structure has been studied by
means of the Gutzwiller ansatz [11] as well as by ED [12].
Within the CMF approach three-sublattice order is also
found at any value of the parameter θ. In particular, four
phases with local magnetic order emerge: Ferro-Magnetic
order (FM) for θ ∈ (pi/2, 5pi/4), Ferro-Quadrupolar order
(FQ) for θ ∈ (5pi/4,Θ), Antiferro-Magnetic order (AFM)
for θ ∈ (Θ, pi/4), and Antiferro-Quadrupolar order (AFQ)
for θ ∈ (pi/4, pi/2). The quadrupolar phases do not show
net magnetization at each site but quadrupolar order. In
the Ferro (F) phases the vectors S (Q) associated to dipo-
lar (quadrupolar) magnetic order are aligned, whereas for
the Antiferro (AF) phases they are all contained in the
same plane and form 120◦.
A convenient way to characterize these three-sublattice
locally ordered phases is by the following order parame-
ter:
ηX =
3∑
j=1
∑
i∈λj
R(φXj )Ai (8)
where X denotes the phase, i runs over all lattice sites of
the cluster and λj (with j = 1, 2, 3) denote the three sub-
lattices. R(φXj ) is a rotation in real space of the vector
Ai, with an angle that depends on the sublattice j that
contains site i. For the F and AFM phases A = 〈S〉 and
φFj = 0, φ
AF
j = 0,±120◦, whereas for the FQ and AFQ
phases A = 〈Q〉 and φFQj = 0 and φAFQj = 0,±120◦.
This rotation is performed on the plane containing the
spins (or quadrupolar vectors). These order parameters
are shown in Fig. 2(a) for several cluster sizes.
The Gutzwiller ansatz already yields the correct phases
and for all but the FQ-AFM transition the phase bound-
aries coincide with those obtained by ED. For the lat-
ter (for clusters of 9 sites and larger) this yields ΘED ≈
−0.11pi (see Fig. 2(b) and also [12]), whereas with
the Gutzwiller ansatz the transition occurs at ΘGutz =
−0.35pi. The inclusion of correlations in the CMF ap-
proach yields a critical point that shifts to smaller val-
ues in modulus as the cluster size increases. With our
available cluster sizes, we perform a linear fit as in
[19, 20] on the value ΘL as a function of the parame-
ter x = Nb/(L× z/2), where Nb and z are the number of
quantum-mechanical bonds in the cluster and coordinate
number respectively (x = 0 for Gutzwiller and x = 1 in
the thermodynamic limit). This yields the transition at
θ ≈ −0.17pi in the thermodynamic limit, as shown in Fig.
4(a).
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FIG. 2: (Color online). D = 0 results. (a) Local order param-
eter ηFM (blue), ηAFM (cyan), ηFQ (red) and ηAFQ (orange)
(see text), calculated with the CMF method for clusters of 3
and 9 sites (dotdashed and solid respectively). The dotted line
is the Gutzwiller ansatz for comparison. The FQ-AFM tran-
sition point (ΘL) strongly renormalizes with the cluster size.
(b) Structure factors SS(k = Γ) (blue), SS(k = K) (cyan),
SQ(k = Γ) (red) and SQ(k = K) (orange) calculated by ED
for L = 12. The FQ-AFM transition is at ΘED ≈ −0.11pi (see
also [12]).
B. MODEL WITH SINGLE-ION ANISOTROPY
(D 6= 0)
The presence of a uniaxial anisotropy field along an
arbitrary axis, e.g. zˆ-axis, drastically changes the nature
of the ground state. When the anisotropy does not
dominate over the exchange coupling the system is far
from being well understood. Let us first examine the
already known limiting regimes.
Limit D  1. For very large and positive uniaxial
field the ground state is the product state |0, ..., 0〉,
which has only quadrupolar order (FQ) at each site
(large-D phase). The corresponding vector directors dˆ
are oriented along zˆ and spin fluctuations restricted to
the normal plane to zˆ as depicted in Fig. 3.
Limit D  −1. In the opposite limit, the local |0〉 com-
ponent of the spin-1 (|Si = 1, Szi = −1, 0, 1〉) is adi-
abatically suppressed and the two left components per
site can be regarded as a pseudospin-1/2, when map-
ping {|1〉, | − 1〉} ←→ {| ↑〉, | ↓〉}. Strictly in the limit
D = −∞, any configuration in this subspace has the
same energy and there is a macroscopic degeneracy. For
large but finite values of |D| the degeneracy is broken
by the spin exchange terms. Taking into account that
P(Si ·Sj)2P = 2
(
σxi σ
x
j + σ
y
i σ
y
j
)
and PSi ·SjP = σi ·σj
(where P is a projector to the subspace with no local
component |0〉), the effective Hamiltonian in this limit
corresponds to the spin-1/2 XXZ model :
HXXZ =
∑
<i,j>
[
J⊥
(
σxi σ
x
j + σ
y
i σ
y
j
)
+ Jzσ
z
i σ
z
j
]
(9)
with parameters depending on θ as 2J⊥ = sin θ and
2Jz = (2 cos θ − sin θ) [13]. It is easy to see that
magnetization along the zˆ-direction in the S = 1/2
model directly maps into dipolar order along the same
axis for S = 1, whereas the transverse magnetization
maps into quadrupolar order for the latter. Specifically,
the magnetization along xˆ and yˆ-axis in the spin-1/2
case map respectively to the components Q1 and Q3
of the quadrupolar vector. The spin-1/2 model on
the triangular lattice has been addressed by several
approaches (like QMC or variational methods) [6–8, 10]
and predicts the presence of two distinct supersolid
phases (which we denote by SS1 and SS2). These
two phases are characterized by long range
√
3 × √3
crystal order coexisting with superfluidity, which in
spin language dubs to long range
√
3 × √3 order in the
spin z-component and non-vanishing magnetization in
the perpendicular plane. This transverse magnetization
differs in the two phases: for SS1 it takes the same value
at each sublattice (m⊥,m⊥,m⊥), whereas for SS2 it
corresponds to a configuration (0,m⊥,−m⊥).
Intermediate values of D. For D > 0, the phase
diagram can be qualitatively well characterized by the
Gutzwiller approach as shown in Fig. 3, where phase
boundaries from Gutzwiller ansatz (dashed lines) and
CMF approach (solid) are drawn. Such characterization
notably fails in a region of D < 0. The phases depicted
in Fig. 3 can be summarized as follows:
Region a: Ferromagnetic (FM) order.— The FM phase
persists for any D ≤ 0, showing magnetization along
the field direction, and a double degeneracy due to Z2
symmetry. When crossing to the D > 0 side, the spins
point instead along any perpendicular direction to the
field. As D increases the magnetization continuously
decreases until it vanishes and only FQ order remains.
Near θ ≈ 0.5pi, there is a small region presenting
“pathological” transverse magnetization.
Region b: Ferroquadrupolar (FQ) order.— This phase
shows only pure quadrupolar order with the corre-
sponding directors at different sites being parallel. The
directors are aligned with (perpendicular to) the field
axis for D > 0 (D < 0), while they can take any
orientation when crossing the SU(2) symmetry point
D = 0. The FQ order becomes more stable when
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FIG. 3: (Color online) Top: CMF phase diagram using a tri-
angular cluster of 6 sites (solid). Arrows and broken lines
denote S and dˆ directions respectively. Gutzwiller mean-field
boundaries are also shown for comparison (dashed lines). For
D < 0, two supersolid phases (SS1 and SS2) not present in
the mean-field solution arise. In between, there is a region
where CMF is unstable and results strongly depend on the im-
posed sublattice order in the CMF (see text). The dotdashed
line denotes this boundary for a 10 sites cluster. Bottom:
Quantum correlations with CMF for L = 10 measured by lin-
ear entropy SL for different values of negative D (decreasing
value from thin to thick, thicker line is spin-1/2 XXZ model).
If no order is imposed (middle panel) the method shows an
instability between the two SS phases, whereas by imposing
three-sublattice order (CMFav) continuity is recovered (bot-
tom panel). The inset shows the result for D = 0, where CMF
is always stable.
including quantum correlations as it can be seen in Fig.
2 by comparing the boundaries of the mean-field with
those of the CMF.
Regions c: Antiferroquadrupolar (AFQ) order.— As
in region b, there is no dipolar but quadrupolar local
order. Now the vector directors have different orienta-
tion at each of the three sublattices, and their angle
continuously varies with D. In particular, for D < Dc1,
the directors are no longer parallel and start to form
an umbrella configuration (region c1 in Fig. 2), until
they are mutually orthogonal for D = 0. By further
decreasing D the angle still increases until they all lie
within the xˆyˆ-plane at D = Dc2. For D < Dc2 (region
c2) they remain in this configuration, subtending a 120◦
angle. Both critical fields (Dc1 and Dc2) depend on θ.
Regions d: Antiferromagnetic (AFM) order.— This
region sustains different quantum phases. They are
characterized by local dipolar order which is not fer-
romagnetic, but still show a three-sublattice structure,
and a non-vanishing magnetization 〈S⊥〉 6= 0 at least
at one of the three sublattices. For D > 0 (region
d1), the ground state is in a 120◦-Ne´el ordered phase
(similarly to the D = 0 case, but now with the spins
contained in the xˆyˆ-plane). For D < 0, there are at least
four different phases that are already observed within
the mean-field approach. They are found consecutively
when increasing θ from negative to positive values at
fixed D and characterized through the net magnetization
along the parallel and perpendicular directions to the
field axis (〈Sztot〉 and 〈S⊥tot〉 respectively) as follows: d2)
〈Sztot〉 6= 0, 〈S⊥tot〉 = 0; d3) 〈Sztot〉 6= 0, 〈S⊥tot〉 6= 0; d4)
〈Sztot〉 = 0, 〈S⊥tot〉 6= 0; d5) the spins representing each
sublattice are not contained in the same plane, leading
to a non-zero value of the spin-chirality scalar defined as
κ = 〈S1 · (S2 × S3)〉.
Regions SS1 and SS2: Supersolid Phases.— By decreas-
ing D (D . −3.5) in region d, a new order characterized
by 〈S⊥〉 = 0 at any lattice site emerges. In this region
the Gutzwiller ansatz fails, because the Hamiltonian is re-
duced to the classical XXZ model, which exhibits phases
with qualitatively different local order and even non-
trivial macroscopic degeneracies that are broken in the
quantum model. Indeed, already at a finite value of the
easy-axis anisotropy field the local |0〉 component is com-
pletely suppressed, and thus, the model reduces to the
spin-1/2 XXZ model, exactly as in the D → −∞ limit.
Furthermore, within the mean-field ansatz this model is
equivalent to the classical one. In contrast, the CMF
yields two phases that possess magnetic and quadrupo-
lar order coexisting and which continuously connect with
the mapped supersolid phases (SS1 and SS2) expected for
the effective spin-1/2 XXZ model in the large easy-axis
anisotropy limit (D  −1) [6–8, 10]. Notice that in the
triangular lattice the two SS-phases cannot be mapped
onto each other (|J⊥| = −|J⊥|). Thus, it is not surpris-
ing that the prolongation of these phases to finite values
of D is different.
In stark contrast to the Gutzwiller case, quantum cor-
relations prevent now the local |0〉 component to be to-
tally suppressed in this region. In particular, we find that
6for θ > 0, the S = 1 model approaches to the equivalent
spin S = 1/2 model much faster than for θ < 0 in the SS1
phase. Hence, the suppression of the local |0〉 component
is much smoother in the SS1 than in the SS2 phase. This
can be appreciated in the behavior of the linear entropy
SL shown in Fig. 3 (bottom).
With our method we find a region between the two su-
persolid phases (indicated by the symbol ?) where three-
sublattice order is, in general, broken. There, the results
of our CMF show a strong dependence on both the ini-
tial state for a given cluster configuration and on the
geometry and size of the chosen clusters. The instability
is in fact linked to an enhancement of quantum corre-
lations when approaching this region. As shown in Fig.
3 (middle panel), after a sudden increase, SL strongly
fluctuates in this region. We emphasize that only in this
part of the phase diagram the method shows such behav-
ior. Moreover, the dependence on the cluster shape can
be appreciated by the absence of a clear scaling behavior
of the boundary separating SS1-?. In Fig. 4 we depict
this scaling as a function of the connecting parameter
x defined in Sec. III.A. While transitions FQ-AMF for
D = 0 and FQ-SS1 at D = −7 accept a linear fit in x,
the transition SS1-? clearly does not support such a fit.
It is tempting to regard such instability in this region
of the phase diagram as a signature of disorder in the
ground state. In order to check such possibility, we study
with our method the equivalent XXZ spin-1/2 model
which governs the physics of our system at very large
easy-axis anisotropy. For such model there exists numer-
ical evidence that no spin liquid is stable and that the
two supersolid phases are continuously connected [6–8].
In this case, a similar instability is found, as shown in Fig.
3 (middle panel). However, if instead we apply a CMF
approach with imposed three-sublattice order in the ex-
ternal mean-fields as explained in Sec. II (CMFav), the
instability is in both cases (spin-1 and spin-1/2) removed,
and the function SL becomes smooth. The results using
the CMFav are shown in 3 (bottom panel).
For completeness, we have applied the same method in
the anisotropic triangular spin-1/2 XY and Heisenberg
models, for which it is known that the ground state is
a spin-liquid for some values of the coupling anisotropy
[22–27]. Interestingly enough, for those regions we have
also found that the CMF becomes unstable, but the
instability is again removed by imposing the appropriate
underlying sublattice order in the CMFav.
IV. CONCLUSIONS
We have obtained the (CMF) phase diagram for spin-1
Heisenberg model with uniaxial anisotropy in the trian-
gular lattice. Our approach goes well beyond Gutzwiller
mean-field and predicts two supersolid phases compatible
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FIG. 4: Scaling of different phase boundaries for different val-
ues of x (see text) within CMF: (a) The FQ−AFM boundary
at D = 0, (first point corresponds to the Gutzwiller value for
comparison), (b) FQ−SS1 phase at D = −7 (first point cor-
responds to the Gutzwiller value for comparison), (c) bound-
ary between SS1-? phase at D = −3.5 (squares) and D = −7
(circles) showing lack of scaling.
with the effective spin-1/2 model expected in the limiting
regime of large easy-axis anisotropy. Between them there
is a phase whose nature remains elusive. It is signaled by
a strong discrepancy between the results obtained with
different cluster configurations and initial conditions.
Therefore, the present calculation does not allow us to
rule out (neither to prove) the existence of a spin liquid
in this region of the phase diagram, but permits to bound
quite precisely where quantum correlations become cru-
cial for phase stability. It remains an open question why
in this region of the phase diagram convergence is only
achieved if three-sublattice order is imposed, while this
stringent condition is not required for all other ordered
phases present in the model. This issue could be ad-
dressed with the CMF by using much larger clusters.
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